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Study  region:  North-west  Ontario  and  eastern  Canada.
Study  focus:  This  study  utilized  river  ﬂow  sequences  to  predict
hydrological  drought  parameters  (duration  and  magnitude)  on
annual,  monthly  and  weekly  time  scales.  Analysis  was  conducted
at  the  median  truncation  level,  using  the  standardized  hydrological
index (SHI)  series.  Two  approaches  –  the extreme  number  theorem
and  Markov  chain  – were  used  for modeling  droughts  by  analyzing
runs  of  dry and  wet  periods.
New  hydrological  insights  for  the  region:  Approach  based  on  the
extreme  number  theorem  predicted  satisfactorily  drought  dura-
tions  at  monthly  and  annual  time  scales  and  was  also  found
comparable  to Markov  chain  of order-one  for  predicting  monthly
drought  durations.  The  approach  was  found  less  satisfactory  for
predicting  drought  durations  at weekly  time  scale  but  the  per-
formance  was found  to improve  with  the  use of Markov  chain  of
order-two.  At annual,  monthly,  and  weekly  time  scales,  the  rela-
tionship  (magnitude  =  intensity  × duration)  proved  satisfactory  for
predicting  drought  magnitudes  with  the  assumption  that  truncated
normal  distribution  performs  well  for modeling  the  drought  inten-
sity.  For  predicting  drought  magnitudes  at  monthly  and  weekly
time  scales,  the  Markov  chain  proved  more  satisfactory  with  one
order  lower  than  the  order  that  was used  for  predicting  drought
durations.  Markov  chain  of  order-one  modeled  durations  sat-
isfactorily  at  weekly  time  scale  with  uniform  truncation  levels
corresponding  to ﬂows  equivalent  to  90%  and  95%.
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1. Introduction
The notions attached with hydrological drought generally refer to shortfalls in river ﬂows, water
levels in lakes, ponds, wetlands, ground water reservoirs, etc. By and large river ﬂows have been used
in the analysis of hydrologic droughts and therefore the term streamﬂow drought has also been used.
One index that has become popular in recent years for identifying meteorological droughts is the
standardized precipitation index (SPI), which is a seasonally (monthly, weekly, etc.) standardized-
and-normalized value of the precipitation time series (McKee et al., 1993). Sharma and Panu (2010)
have suggested the standardized hydrological index (SHI) as a measure for deﬁning and model-
ing the hydrological droughts, which is conceptually analogous to SPI except that SHI represents
a standardized value (mean,  = 0 and standard deviation,  = 1 of SHI sequence) which is not
normalized. The distinguishing feature between a standardized-and-normalized (also called stan-
dard normal) and standardized variable is that the former is obtained by subtracting mean from
the original variable, xi and division by the standard deviation of the variable {ei = (xi − )/; ei
is the standardized variable} and transforming it into normal distribution (ei → zi becomes a nor-
malized variable) while in the latter case the transformation into the normal distribution is not
conducted. For example, when a standardized sequence, ei is derived from a Gamma  distributed
variable xi; it can be transformed into a standard normal distribution, zi using Wilson–Hilferty trans-
formation (Viessman and Lewis, 2003). In the case of SPI, the above transformation is conducted
prior to analyzing the drought parameters whereas in the case of SHI, the above transformation
is not conducted. This paper describes the analysis for drought parameters using SHI as a plat-
form.
In the case of annual ﬂow series, which is generally regarded as a case of weak stationarity,
the computations for creating SHI sequences is trivial as there is only one mean and one standard
deviation. In the case of monthly and weekly ﬂow series, the creation of SHI sequences is some-
what involved because it requires stationarising the seasonal (monthly or weekly) ﬂow series. The
process of stationarising means standardization of the ﬂow series using month by month ’s and
’s, that catapults into a weak stationary series with constant  equal to zero and  equal to one.
The SHI sequence so obtained inherits the non-normal character of the seasonal ﬂow series as no
attempt is exercised to normalize it. The non-normalization offers an advantage in that the ﬂow
values are not distorted. It should be borne in mind that SHIi {=(xi − )/} is essentially a stan-
dardized value (ei) of the drought variable such as river ﬂow which has been utilized in stochastic
or time series analysis of the hydrologic data. The term ei is named herein as an index to catego-
rize the severity of the drought. For instance, if the annual ﬂow sequence (normal probability) is
taken as the drought variable, then a drought with SHI < −1.5 will be categorized as severe (Nalbantis
and Tsakaris, 2009). Likewise, the value of SHI ranging from 0 to −1 will categorize a drought to be
mild.
The issues associated with hydrological droughts hover around the assessment of shortfall of
water with reference to the desired demand (also called reference) level that occurs during the
extended drought durations over a speciﬁed period of T-year, -month or -week. The desired refer-
ence level is termed as truncation level or cutoff level in the drought parlance. This invokes a concept
of T-year drought with the duration as LT and the associated shortfall designated as magnitude,
MT (in standardized terms with no volumetric units). The drought magnitude in volumetric units,
designated as deﬁcit volume, DT is estimated from the linkage relationship, DT =  × MT (Yevjevich,
1967). The identiﬁcation of hydrological droughts by truncating the series of the hydrological vari-
able at the median (for a drought variable with skewed probability structure) or mean level (for
a drought variable with normal probability structure) has been in practice since the early days of
drought research (Yevjevich, 1967; Dracup et al., 1980). The majority of the investigations in the
arena of hydrologic droughts are therefore based on adopting the median or mean as the truncation
level.
Thus, the cutoff level for deﬁning droughts in the SHI domain corresponds to a value of SHI equal
to the standardized median ﬂow (probability of drought, q = 0.5 at the median ﬂow level). The cutoff
for each month (or week) at the median ﬂow for the respective month (or week) means variable ﬂow
values in time span but are nearly a constant value in terms of SHI. So the analysis using the theory of
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runs and probability based axioms for drought parameters in the SHI domain (which is truncated by
a constant value of SHI – also referred to as SHI0) is statistically tractable.
Hydrological droughts have been analyzed with the aim of predicting durations (lengths) and
magnitudes (i.e. storage-volumes) mainly on annual and monthly time scales using time series
simulations or probability-based methods. Such analyses are carried out by stationarising the hydro-
logic data series (primarily the streamﬂow time series) and truncating the stationary series at the
median or mean level. The major tools of analysis have been the theory of runs (Yevjevich, 1967;
Millan and Yevjevich, 1971), the extreme number theorem (Sen, 1980a; Sharma and Panu, 2008),
Markov chains (Sen, 1980b, 1990; Lohani and Lognathan, 1997; Paulo and Pereira, 2007; Sharma
and Panu, 2010), and DARMA (discrete auto-regressive moving average) class of models (Chung and
Salas, 2000; Cancelliere and Salas, 2010). The hydrological droughts on daily time scale at low trun-
cation levels such as Q90, Q95 have also been attempted on non-stationary daily ﬂows using the
frequency analysis of observed durations and magnitudes (Zelenhasic and Salvai, 1987; Tallaksen
et al., 1997).
Although the assessment and prediction of meteorological droughts on weekly time scale have been
practiced using the Palmer Drought Severity Index (PDSI) or Standardized Precipitation Index (SPI),
in literature only a few studies on the modeling of hydrological droughts on weekly time scale have
been reported. The analysis of hydrological droughts on weekly time scale is desirable because effects
of droughts are more palpable in agricultural production, municipal water supplies, small-scale hydro
generation etc. The development of suitable predictive and assessment tools for hydrologic droughts
at weekly time scale would be useful in managing available water resources and off-setting effects of
droughts. This paper attempts to develop suitable methodology to analyze and predict hydrological
droughts at weekly time scale. The paper also embodies the results of drought models for comparative
purposes at annual and monthly time scales in Canadian streamﬂows.
It has been observed (Bonacci, 1993; Woo  and Tarhule, 1994; Sharma, 1997, 2000) that in general
the drought intensity (I, i.e. MT = I × LT) is poorly correlated to LT. In view of a poor correlation (i.e.
near independence) between these two entities, the above relationship can be expressed in terms of
expectations as E(MT) = E(I) × E(LT), which allows the prediction of drought magnitude with a priori
knowledge of drought length. The drought intensity (I) can be modeled satisfactorily by the trun-
cated normal distribution of SHI values which are laying below the truncation level. The modeling of
drought length or duration (LT) is therefore essential in addressing the issues related to hydrological
droughts. In the past, the theorem of extremes of random numbers of random variables (Todorovic and
Woolhiser, 1975; referred to hereafter as the extreme number theorem) has been used to model LT on
annual ﬂow series (Sen, 1980a; Sharma, 1997, 1998, 2000; Panu and Sharma, 2002, 2009) and monthly
ﬂow series (Sharma and Panu, 2008). Further, Sharma and Panu (2010) noted that the above theorem
breaks down when the SHI sequences are strongly dependent (i.e. lag-1 autocorrelation being above
0.50) to the ﬁrst order and/or extend to the second or higher order dependence (in case of weekly time
scale). The monthly and weekly SHI sequences exhibit this tendency when the rivers are originating
in lakes or passing through them. Under these circumstances, a second order Markov chain model
tends to recover the analysis for modeling LT. This paper embodies the results of applications based on
above concepts for modeling the behaviour of LT and MT on annual, monthly and weekly time scales
using the streamﬂow data from Canadian rivers.
At times, hydrological droughts are assessed using Q90 or Q95 (90% or 95% ﬂows are equal or
exceeding) as cutoff levels (Zelenhasic and Salvai, 1987; Tallaksen et al., 1997) on daily time scale
regardless of their seasonal variations. Transcending the day to a week, as the nearest time scale,
the uniform cutoff levels can also be applied on weekly basis as well. In this situation, stationary SHI
sequences derived from weekly ﬂow series are truncated by time varying SHI values, which is likely to
complicate the analysis using the established stochastic concepts. The scenario contrasts the former
one in which a cutoff level runs across SHI sequence as a near horizontal line. This paper describes an
approach to deal with this problem using the concepts of Markov chains for the prediction of LT and MT.
In drought literature, this problem has been handled by using the frequency based approach through
ﬁtting the observed drought lengths and magnitudes into suitable pdfs. The approach presented in this
paper differs from the frequency analysis approach in that the simple and conditional probabilities
are being used for the prediction of aforesaid drought parameters.
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Fig. 1. Spatial location of hydrometric stations used in the analysis.
Source: Environment Canada.
2. Flow data acquisition and preliminary analysis
The data for analysis comprise of natural (i.e. unregulated) and uninterrupted ﬂow records of 18
rivers across Canada as shown in Fig. 1 and listed in Table 1 that was acquired from the Canadian
Hydrological Data Base (HYDAT, Environment Canada, 2005). The selected rivers are representative
of a wide range of drainage basins (37 to 32,400 km2) and a period of data base (1919–2005) which
required virtually no inﬁlling.
Table 1
Summary of characteristics and annual ﬂow statistics of Canadian rivers used in the analysis.
Name of river Number on
map*
Period of record,
size
Area (km2)  (m3/s) cv  1
Fraser River at Shelley 1 1951–05, 55 32,400 809.78 0.13 0.09 0.05
Lepreau River at Lepreau 2 1929–05, 87 239 7.27 0.22 0.68 0.04
Torrent River at Bristol Pool 3 1960–05, 46 624 24.50 0.15 0.71 0.28
Upper  Humber River at Reidville 4 1953–05, 53 2110 79.69 0.13 0.94 0.17
Bevearbank River at Kinsac 5 1922–00, 79 96.9 2.99 0.19 0.14 0.14
N.M.  River at Margaree Valley 6 1929–05, 77 368 17.10 0.15 0.15 0.19
Carruthers River at St. Anthony 7 1962–05, 44 46.8 0.94 0.20 0.09 0.04
Beaurivage River at A.S. Entiene 8 1926–96, 71 709 14.26 0.26 1.08 0.19
Becancourb River at A. Lyster 9 1923–68, 46 1410 30.60 0.20 0.37 0.03
Neebing River at Thunder Bay 10 1954–05, 52 187 1.62 0.39 0.55 0.26
Pic  River at Marathon 11 1975–05, 31 4270 51.54 0.21 −0.21 0.00
Goulais River at Searchmont 12 1968–05, 38 1160 18.45 0.17 −0.07 0.00
Whitscon River at Chelmsford 13 1968–05, 38 243 3.10 0.17 −0.21 0.24
La  vase River at North Bay 14 1975–05, 31 70.4 0.93 0.20 0.20 0.19
Chippewa Creek at North Bay 15 1975–05, 31 37.3 0.62 0.16 0.17 0.20
Commanda Creek at Commanda 16 1975–05, 31 106 1.73 0.17 −0.2 0.15
N.M.  River at Pickerel Lake 17 1969–05, 37 149 2.77 0.20 0.15 0.19
Shekak River at Highway # 11 18 1951–86, 36 3290 35.94 0.18 0.15 0.00
Note: Asterisk (*) indicates the location of the hydrometric station for a river on the map.
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Daily ﬂows were transformed to weekly ﬂows (Sharma and Panu, 2010) such that each of the ﬁrst
51 weeks would be composed of 7 days while the 52nd week would contain the remainder of days.
The analysis of drought parameters using the probability theory generally begins with identiﬁcation of
the underlying pdf of the drought variable and its dependence structure in ﬂow time series on annual,
monthly or weekly time scales. These series were thus subjected to drought analyses as follows.
2.1. Annual ﬂow series
The values of mean (), standard deviation () or coefﬁcient of variation (cv), skewness () and
lag-1 autocorrelation (1) of annual ﬂow series were computed (Table 1). Since analyses for drought
parameters are conducted in SHI (standardized terms) domain, therefore the same values of  and 1
also hold for the SHI sequences. Based on the standard statistical test [the conﬁdence band at 95% level
of conﬁdence for the normal pdf are (0 ± 1.96 × (6/N)0.5; Yevjevich, 1972); −0.68 to 0.68 with N = 50,
N being the average sample size] it is apparent that annual SHI sequences for the majority of rivers
in Table 1 meet the requirement of normal pdf. Likewise for majority of rivers, the values of 1 are
small enough (0 ± 1.96 × (1/N)0.5 (Box and Jenkins, 1976); −0.28 to 0.28 with N = 50) which allude to
the absence of signiﬁcant dependence in successive occurrences of ﬂows in annual series and thereby
in SHI sequences. The border-line Rivers are #3 and #10 for which the conﬁdence limits are ±0.29,
±0.27 and therefore their respective sample estimates of 0.28 and 0.26 for 1 are found to be well
contained within the conﬁdence limits. So for the purpose of hydrologic drought analysis, the annual
SHI sequences of rivers considered in this paper are regarded to be independent normal sequences.
2.2. Monthly ﬂow series
For each river, the values of statistics ,  or cv and  of monthly ﬂow series were computed
(Table 2) and necessary plots were prepared in terms of the product moments and L-moments. The
scatter of points ( against cv)  in the product moment ratio diagram (Fig. 2A) is a good indicator of
the probability distribution of monthly ﬂows to be Gamma  rather than Lognormal pdf. To afﬁrm the
Table 2
Summary of statistical parameters of monthly and weekly ﬂow series of rivers across Canada.
River # Station identiﬁer* Monthly ﬂow series Weekly ﬂow series Model type
cvav av av cv   1 2
1 BCO8KB001 0.31 0.91 0.48 0.90 1.30 0.92 0.73 0.53 AR-1
2  NB01AQ001 0.68 1.34 0.21 1.09 2.91 0.60 0.51 0.24 AR-1
3  NF02YC001 0.51 1.07 0.19 1.12 2.95 0.73 0.59 0.27 AR-2
4  NF02YL001 0.53 0.94 0.17 1.09 2.25 0.71 0.49 0.18 AR-2
5  NS01DB001 0.74 1.38 0.14 1.09 2.20 0.55 0.46 0.17 AR-1
6  NS01FB001 0.50 1.00 0.19 0.97 2.44 0.65 0.46 0.26 AR-2
7  PE01CA003 0.59 1.57 0.22 1.32 4.19 0.66 0.53 0.30 AR-1
8  QC02PJ007 0.80 1.86 0.25 1.46 3.24 0.68 0.48 0.23 AR-1
9  QC02PL001 0.74 1.62 0.25 1.32 3.24 0.72 0.63 0.34 AR-2
10  ON02AB008 1.02 1.92 0.48 1.88 3.91 0.67 0.67 0.47 AR-2**
11  ON02BB003 0.56 1.19 0.42 1.19 2.68 0.77 0.76 0.54 AR-2**
12  ON02BF002 0.58 0.96 0.37 1.29 3.37 0.74 0.73 0.46 AR-2**
13  ON02CF007 0.57 1.26 0.30 1.53 4.36 0.67 0.69 0.40 AR-2**
14  ON02DD013 0.76 1.32 0.19 1.51 3.31 0.61 0.49 0.22 AR-1
15  ON02DD014 0.52 0.85 0.23 1.12 2.87 0.60 0.45 0.20 AR-1
16  ON02DD015 0.58 0.99 0.28 2.07 2.88 0.71 0.60 0.33 AR-1
17  ON02EA010 0.62 1.30 0.27 1.29 3.27 0.63 0.55 0.29 AR-2**
18  ON04JC003 0.44 0.63 0.47 1.20 2.58 0.87 0.85 0.65 ARMA-1,1
Note: An asterisk (*) indicates the identiﬁcation number according to Environment Canada nomenclature with ﬁrst two letters
showing the province in which a particular river is located viz. BC means British Columbia, etc. Two  asterisks (**) mean AR-2
process was still inadequate as the Portmanteau statistic (Box and Jenkins, 1976) marginally exceeded the critical value (at
5%  level of signiﬁcance and 23 degrees of freedom),  (lag-1 serial correlation) is based on the non-standardized data and the
values  of 1, 2 are based on the SHI sequences.
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Fig. 2. (A) Product moment ratio diagram and (B) L-moment ratio diagram [Series 1: Observed points; Series 2: Gamma  pdf;
and  Series 3: Lognormal pdf].
hypothesis of the Gamma  distribution, the L-moments were computed for the Gamma pdf and the plot
of L-skewness (−3) versus L-kurtosis (−4) (Vogel and Fennessey, 1993) was drawn. The L-moment
plot (L-kurtosis versus L-skewness) exhibits a good correspondence between the observed and the
Gamma  distributed points (Fig. 2B) thus afﬁrming the hypothesis that the Gamma  pdf is a reasonable
descriptor of the monthly ﬂow series for rivers under consideration. It is to be noted that 12 sets of cv
and  values were averaged-out (designated as cvav and av (where, av represents the average value
of 12 values of cross correlations between adjoining months. That is, the cross correlation between
January–February, February–March, and so on (as summarized in Table 2) for plotting purposes and
they also proved to be a better estimator of the drought duration, E(LT) and magnitude, E(MT).
Once the underlying probability distribution of monthly ﬂows was  chosen, the next step was to
identify the dependence structure in the SHI sequences using lag-1 autocorrelation (1). The com-
puted values of 1 were found to be signiﬁcant (Table 2), which alludes to that monthly SHI sequences
possess dependence structure. Furthermore, the autocorrelation function of the SHI sequences (Box
and Jenkins, 1976) was found to mimic  the process of an autoregressive order one (AR-1). The diag-
nostic checks based on the Portmanteau statistics (computed from ﬁrst 25 values of autocorrelations
of the residuals in the SHI sequences after ﬁtting AR-1 model) further afﬁrmed the Markovian depend-
ence. In succinct terms, the monthly SHI sequences possess the ﬁrst order dependence implying that
a drought length model must contain terms to account for such dependence. Based on the foregoing
analysis, the extreme number theorem and the Markov chain-1 models can be considered as potential
models to capture the ﬁrst order dependence structure in monthly SHI sequences.
2.3. Weekly ﬂow series
For identiﬁcation of the pdf of weekly ﬂow series, the same procedure used for monthly ﬂows was
adopted. Based on the product moment and L-moment diagrams (Fig. 3), it can be stated that weekly
ﬂow series of the Canadian rivers under question obey the two-parameter Gamma  pdf. The underlying
dependence structure of weekly ﬂow series was investigated through week-by-week standardization
resulting into weekly SHI sequences. The weekly SHI sequences were subjected to autocorrelation
analysis to uncover the presence of Markovian or other higher order dependence. The values of 1
(Table 2) in all rivers are large thus suggesting a strong dependence in successive occurrences of
ﬂows. To discern the underlying dependence structure, the values of autocorrelations at lag-1 (1)
and lag-2 (2) in weekly SHI sequences (Table 2) were used to estimate the parameters by ﬁtting
ARMA class of models (Box and Jenkins, 1976). The ARMA models tended to ﬁt AR-1 (autoregressive
order-1), AR-2, and ARMA (1,1) dependence structures suggesting dependence terms extending up
to the second, and even higher orders in some cases (Table 2). After ﬁtting the potential models as
stated above to the weekly SHI sequences, the autocorrelation function of the residuals was also
computed. The Portmanteau statistic based on ﬁrst 25 autocorrelations of the residuals formed the
98 T.C. Sharma, U.S. Panu / Journal of Hydrology: Regional Studies 1 (2014) 92–106
Fig. 3. (A) Product moment ratio diagram and (B) L-moment ratio diagram [Series 1: Observed points; Series 2: Gamma pdf;
and  Series 3: Lognormal pdf].
basis for suggesting the suitable structure of the model (Table 2, last column). In particular, rivers in
northern Ontario showed dependence structure beyond AR-2, which is comprehensible in view of
the signiﬁcant storage effects caused by the presence of a large number of lakes in watersheds of this
region.
In a nutshell and as a ﬁrst approximation of dependence in successive weekly ﬂows, it would be
prudent to regard such a dependence to inﬂuence ﬂows up to 2 weeks and hence the prediction model
for drought length on weekly time scale should be capable to embed the second order dependence.
The Markov Chain-2 offers such a capability and thus it should be considered suitable for modeling
drought lengths on weekly time scale.
3. Probability based models used for drought analysis
The extreme number theorem was used for the prediction of E(LT) using SHI sequences of appro-
priate time scale. Succinctly, the extreme number theorem culminates in the following equations for
the prediction of E(LT) (Sen, 1980a)
P(LT = j) = exp[−T q (1 − r) rj−1][exp {T q (1 − r)2 rj−1} − 1] (1)
E(LT ) =
∞∑
j=1
j P(LT = j) (2)
where j stands for length of the drought duration and takes on values 1, 2, 3,.  . . up to inﬁnity, q
stands for the probability of drought at the given truncation level, say z0 and T is the time equivalent
to the sample size of the data involved in the drought analysis. The value of r (ﬁrst order conditional
probability) representing dependence characteristics of a drought is related to 1 as shown by Sen
(1977) through the following relationship
r = q + 1
2q
∫ 1
0
[exp{−z20/(1 + )}](1 − 2)
−0.5
d (3)
where v is a dummy  variable for integration. The integral in Eq. (3) can be evaluated by a numerical
procedure and values of r for a given 1 and z0 can be computed (for an independent or random
sequence r = q). It is to be noted that z0 is a standard normal deviate corresponding to the trun-
cation level (denoted by SHI0) at q = 0.5 which can be evaluated using the following Wilson–Hilferty
transformation for the Gamma  pdf (Viessman and Lewis, 2003)
z0 = (3/cv)[(cv SHI0 + 1)0.333 − 1] + 0.333 cv (4)
The standardized drought magnitude can be expressed as (Sharma and Panu, 2008, 2010)
E(MT ) = E(I) × E(LT ) (5)
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where “I” stands for the drought intensity. A value of E(I) can be estimated by using the following
relationship (Sen, 1977; Sharma, 2000)
E(I) = −[exp(−0.5z20)/q
√
2] − z0 (6)
The value of E(I) in Eq. (6) will be negative because the drought epochs are below the truncation
level and hence negative in terms of sign. However for calculations in Eq. (5), absolute value is to be
retained.
It can be seen from Eq. (1) that the extreme number theorem caters up to the ﬁrst order depend-
ence and therefore cannot be used in strict sense for weekly SHI sequences of the majority of rivers
because they are riddled with the second or higher order dependence structure (Table 2). For weekly
SHI sequences, however, an attempt was made by ignoring the presence of second and higher order
dependence structure through computing “r” based on 1. It was  noted in almost all cases including
the rivers with strong afﬁnity for AR-1 model (Table 2), the extreme number theorem tended to under
predict E(LT). In such situations, the Markov chain models were considered. The model equations for
the prediction of E(LT) using the second and ﬁrst order Markov chain models can be expressed as
follows (Sharma and Panu, 2010)
E(LT ) = 2 − [log{T(1 − q)qpqqp}/ log(qqq)] Markov chain-2 (7)
E(LT ) = 1 − [log{T(1 − q)qp}/ log (qq)] Markov chain-1 (8)
In the above relationships, qp, qq, qqp and qqq are the ﬁrst and second order conditional probabilities
which are estimated from the SHI sequences of appropriate time scale as well as non-standardized
ﬂow series (i.e. the natural ﬂow series) using the counting method (Chin, 1977; Sen, 1990; Sharma
and Panu, 2010). The notation qq means the probability of drought at the present instant given the
past instant was also a drought state, qqq means the probability of drought in the present instant given
that two past successive instants were also in the drought state. Similar connotations apply to qp and
qqp. An estimate of qq (i.e. qq = r) can be obtained from Eq. (3). Likewise, qp can be estimated using the
closed form equation similar to the expression in Eq. (3) (Sharma and Panu, 2010). Presently, however,
there are no such closed form equations available for the estimation of the second order probabilities.
In all the above equations, T stands for the sample size in year, month or week used for estimation
of parameters and for testing the adequacy of ﬁt between predictions and observations. It is noted
that the Markov chain analysis is a special class of Discrete Autoregressive Moving Average models
(DARMA) and a more rigorous description and analysis can be found in the literature (Chung and Salas,
2000; Cancelliere and Salas, 2010). In the present case, the simple geometric probability based Markov
chain analysis was considered satisfactory and relevant details of this analysis are well documented
in Sharma and Panu (2010). The use of the geometric probability law in the prediction of drought
magnitude in ﬂow series obeying the Gamma pdf is supported by the investigations of Mathier et al.
(1992), among others.
4. Results and discussion
4.1. Comparison of the observed and predicted E(LT) and E(MT) at annual and monthly time scales
The results based on calculations for E(LT) using the extreme number theorem (Eqs. (1) through
(5)) for annual and monthly hydrological droughts are plotted in Fig. 4A. The performance statistics
viz. COE (coefﬁcient of efﬁciency) and mean error of prediction in relation to 1:1 line of ﬁt between
the observed and predicted values of LT are assessed. The computation of COE is based on the concept
advanced by Nash and Sutcliff (1970) and discussed earlier in Sharma and Panu (2008). The relevant
statistics viz. COE (>90%) accompanied by an insigniﬁcant amount of mean error (−1.60%) indicate
a good level of correspondence between the observed and predicted drought lengths at annual and
monthly time scales.
It should be noted that the points for annual as well as monthly time scales are plotted in the same
graph (Fig. 4) to mimic  the wide spread in values along the x-axis (observed) and y-axis (predicted).
Since the statistic COE essentially signiﬁes the reduction in variance of deviations between y (E(LT))
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Fig. 4. Comparison of observed and predicted E(LT ) and E(MT ) at monthly and annual time scales.
and x (LT-ob) in respect to variance of x, therefore x points must be spread over a wide range to be able
to express substantial values of variance. If such an assessment of COE was  conducted based alone
on points at annual time scale, it would result in less sensible values of COE and consequently its
interpretation. For example, in the case of annual time scale the spread of points (x) is conﬁned to a
narrow range from 4 to 7 resulting into a small value of variance. Thus, when the variance of deviations
[y − x; i.e. (E(LT) minus LT-ob)] is computed, it may  not show the signiﬁcant reduction, even though the
LT-ob and E(LT) values may  lay in close proximity. This anomaly was circumvented by pooling the points
based on annual and monthly time scales, which ampliﬁed the variance of the observed data (spread
from 4 to 22). The ﬁt resulted in a signiﬁcant reduction in variance of deviations and subsequently in a
more sensible COE (Fig. 4A). It should be noted that E(LT) in actuality is a dimensionless quantity and
the unit such as year, month or week is attached to the value of E(LT) depending upon the time scale
chosen for the drought analysis. For instance, on annual time scale (say, T = 50 year), E(LT) = 5 means
5 years, on monthly time scale (T = 600 months), E(LT) = 15 means 15 months, and on weekly time
scale (T = 2600 weeks), E(LT) = 35 means 35 weeks. Also, it should be borne in mind that concept of
COE is slightly different from R2 (coefﬁcient of determination as used in ordinary regression analysis).
However, on weekly time scale the spread of data was very wide and therefore no such pooling of
points was warranted.
Likewise, the values of E(MT) were also compared with their observed counterparts. In the process
of estimation, the values of E(LT) as computed in the aforesaid section were used (i.e. as shown in
Fig. 4A). The value of E(I) was computed by plugging z0 corresponding to q = 0.5 for the Gamma  pdf
(note that at q = 0.5, z0 is less than 0.0 for the Gamma  pdf and is equal to 0.0 for the normal pdf). It
was found (Sharma and Panu, 2008) that such a procedure for the computation of E(MT) resulted in
a COE equal to 76% with a slight under prediction (−2%). However, these statistics leave scope for
improvement as they compare less favorably than those obtained for the drought lengths (Fig. 4A).
Since there is a mild under prediction, the estimates of E(I) were revisited. In an earlier study (Sharma,
1998, 2000), the value of E(I) was found to vary from 0.80 to 0.93 for ﬂow time series obeying the
normal pdf (with zero skew and zero  i.e. independent) to the Gamma  pdf (with signiﬁcant skew,
cv = 1 and  = 0.5). The value of E(I) tended to linger around 1 for more skewed and auto-correlated
ﬂows. In view of the above observation (E(I) → 1), the relationship E(MT) ≈ E(LT) was  assumed for the
prediction of E(MT). Based on the newly predicted values of E(MT), the value of COE deteriorated (≈73%)
with substantial over-prediction (≈11%). The situation was  ameliorated by assuming all ﬂows (annual
as well as monthly) as normal distributed and thus estimating E(LT) based on the normal pdf of SHI
sequences. That is “r” in Eq. (3) was computed by plugging 0.5 and 0.0 respectively for q and z0. The
revised predicted values of E(MT) were found to improve the value of COE to the level of 81% (Fig. 4B)
with a slight over prediction (1.5%). Succinctly, a pragmatic procedure for predicting E(MT) on annual
and monthly time scales can be regarded satisfactory in cases when E(LT) is estimated based on the
assumption of the normal pdf of ﬂows and the drought intensity E(I) equal to unity. Sharma (1997,
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1998, 2000) also reported a similar response of E(I) for some semi-arid catchments in Africa. This
kind of overstepping or arbitration is akin to simulation of the lognormal random numbers to which
a small constant value is added to the normal random numbers before exponentiation. Likewise,
in stochastic simulation of the Markovian normal random numbers, a slightly higher value than the
historical value of lag-1 autocorrelation parameter, 1 is used in the synthetic data generation process.
However, the assumption of E(I) equal to unity considerably simpliﬁes the analysis in that one only
needs to compute E(LT) based on the model of Markovian normal structure. This assumption also
yields marginally conservative values of the deﬁcit-volume which is a desirable feature in the design
of water resources systems towards ameliorating the drought conditions. It is worthy to mention that
Millan and Yevjevich (1971) developed the regression equations for predicting E(LT) and E(MT) which
were also tested for the annual and monthly hydrological droughts using Canadian river ﬂows. These
relationships were found reasonably reliable although at times they tended to under predict in the
range of 3–10%.
As a note in the context of analysis of monthly droughts, it is prudent to mention that the values
of 1 in the SHI sequences were low suggesting a weak dependence structure. Therefore, the ﬁrst
order Markov chain model (Markov chain-1, Eq. (8)) was tried to estimate E(LT). It was  noted that the
predictions of LT tended to be almost the same as predicted by the extreme number theorem. However,
at times the predictions by the extreme number theorem tended to be marginally higher than the
Markov chain-1 model and also be nearer to the observed counterparts. This observation vindicates
the applicability of the extreme number theorem on monthly as well as annual basis. In fact as the name
reads “theorem of extremes of random numbers of random variables” essentially is meant for random
sequences, which is evidenced by the results in the present case (annual ﬂows). It has the capability to
perform reasonably well in the presence of weak dependence structure and for this reason it performed
satisfactorily even in monthly streamﬂow series. It was  also observed that when the degree of the ﬁrst
order dependence is remarkable (i.e. 1 being above 0.5) then the extreme number theorem breaks
down and recourse to the Markov chain models, among others becomes a necessity.
4.2. Comparison of the observed and predicted E(LT) and E(MT) at weekly time scale – Markov chain
model
The weekly SHI sequences of rivers with negligible lake effects such as those in Atlantic Canada
tended to follow AR-1 process, therefore the extreme number theorem based relationships (Eqs. (1)
through (5)) were attempted to model E(LT). In general, such a model resulted in consistent under
prediction. As noted earlier, the weekly SHI sequences of rivers riddled with signiﬁcant lake storages
tend to obey AR-2 process or even higher order dependence processes (Table 2). For such rivers,
the extreme number theorem does not hold because of a lack of accountability for the second order
dependence. Therefore, a second order Markov chain model (Eq. (7)) was envisaged in which the
parameters were computed using the counting method (Sen, 1990; Sharma and Panu, 2010). The best
estimates of the ﬁrst order probabilities were obtained using the non-standardized weekly ﬂow series
(Table 2). Likewise, the best estimates of the second order probabilities were obtained by averaging
these probabilities from both SHI sequences and non-standardized weekly ﬂow series. The analyses
resulted in satisfactory estimation of E(LT) as is evidenced by the value of COE equal to 75.38% and the
mean error equal to −1.15% (Fig. 5A).
Likewise, the values of E(MT) were also predicted using Eqs. (5) and (6) but results were less
satisfactory. The E(MT) for rivers exhibiting afﬁnity up to AR-2 dependence structure tended to be
over-predicted while those rivers exhibiting afﬁnity beyond AR-2 dependence structure tended to be
under predicted. Therefore, the E(LT) was computed using the ﬁrst order Markov chain model (Eq. (8))
for rivers exhibiting afﬁnity to AR-2 process and by a random or the Markov chain-0 model for rivers in
resonance with AR-1 process. For all other rivers exhibiting dependence structure beyond the second
order, the E(LT) was computed based on the second order Markov chain model. It is to be noted that
E(LT) can be computed based on a random or the Markov chain-0 model of drought lengths from the
expression E(LT) = −[log{T(1 − q)}/log(q)]. The aforesaid expression essentially is Eq. (8) in which qq
equals q and also qp equals q. The computations for the drought intensity E(I) remained unchanged as
it was unaffected either by the ﬁrst or the second order probabilities. Using the aforesaid modiﬁcation,
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Fig. 5. Comparison of observed and predicted E(LT ) and E(MT ) with median values as the truncation level at the weekly time
scale.
the predicted E(MT) corresponded satisfactorily with the observed counterparts (Fig. 5B, COE ≈ 86%;
mean error ≈ −1%). Succinctly, the computations of E(LT) for estimating E(MT) are based generally on
one order less than the best ﬁtting order of the Markov chain model for drought length. That is, if
the drought length is predicted using the Markov chain-2 model, then the corresponding magnitude
should be predicted using the drought lengths obtained from the Markov chain-1 model. Likewise, if
the lengths are best predicted by the Markov chain-1 model, the magnitude should be based on the
drought lengths computed from the random model or the Markov chain-0 model.
4.3. Comparison of the observed and predicted E(LT) and E(MT) at weekly time scale with constant
ﬂow as truncation level
The hydrologic drought durations and magnitudes at truncation level corresponding to the median
ﬂow may  not be tangible, although such estimates of drought have relevance to design applications
of water resources systems such as reservoirs for water storage to ameliorate droughts. However,
hydrologic droughts become tangible at low levels of truncation such as Q90, Q95 etc. on daily or
weekly ﬂow series. The ﬁrst order Markov chain model (Markov chain-1, Eq. (8)) was found satisfactory
to predict E(LT) at the uniform truncation levels of Q90 and Q95, which is also evident from the plot
(Fig. 6A with COE ≈ 72% and mean error equal to 0.2%). The drought magnitude can be computed using
the relationship E(MT) =  ˛ × I × E(LT), where  ˛ is a scaling factor for standard deviations. A value of ˛
equal to av/ (where av is the average of 52 weekly standard deviations and  is the overall standard
deviation of the weekly ﬂow series) has been found to predict E(MT) with acceptable accuracy which
is evident from Fig. 6B (COE ≈ 77% and mean error ≈ 4%).
The scaling factor  ˛ was obtained empirically by a trial and error procedure. A variety of combina-
tions of the standard deviation were investigated such as average, median, maximum, and minimum
of 52 weekly values. For each combination, E(MT) values were computed and compared with MT-ob as
shown in Fig. 6B, where the best ﬁt was found when the characteristic standard deviation was taken
as the average of the 52 values (av). It is to be noted that E(LT) is based on the random or the Markov
chain-0 model of drought lengths in the prediction of E(MT).
4.4. Comments on proposed drought prediction models
4.4.1. Predictions versus observed recent droughts in Canadian prairies
A way to corroborate the above drought models is to compare the predictions with the observed
counterparts. Since the hydrological droughts are more tangible and widespread at low truncation
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Fig. 6. Comparison of observed and predicted E(LT ) and E(MT ) at constant level of truncation for weekly time scale.
levels, some of the recent episodes of droughts in Canada were compared with the predictions based
on truncation levels at Q90 and Q95. It can be ascertained from the historical ﬂow records of Canadian
rivers that droughts corresponding to truncation levels at Q90 or Q95 tend to generally occur during
the low ﬂow period (winter months, i.e. December through March).
For an illustration, the historical drought features of the Neebing River (ON02AB008) were ana-
lyzed. This river was selected because it lies in close proximity to the Canadian Prairies and is well
known for frequent drought occurrences. A drought analysis at truncation level of Q90 of the histori-
cal ﬂow record spanning over 52 years (1954–2005) for this river indicated that the longest drought
lasted for 15 weeks during 1976–77. This drought was also followed by two  other droughts respec-
tively in 2003 (14 weeks) and in 2001 (13 weeks). Based on the Markov chain-1 model, one can
compute that the expected drought duration corresponding to T = 52-year (2704 week) will last for 16
weeks. This predicted drought duration of 16 weeks is comparable within the acceptable margin of
statistical accuracy to the historically observed drought spell which lasted for 15 weeks in 1976–77.
Similarly, using the truncation level of Q95, the drought duration of 12 weeks was estimated corre-
sponding to T = 52-year (2704 week) which is again comparable to the historically observed drought
duration of 12 weeks. Such comparable predictions substantiate the ability of the proposed models
in adequately assessing the widespread prevalence of droughts during aforesaid periods of historical
record. Droughts have occurred across Canada in the recent past and most notably occurred during
1999–2001 with a relatively greater intensity in the year 2001. The droughts are also said to have
nearly pervaded throughout Canada in the year 2001 with varying intensity, and amongst the most
affected regions were that of Canadian Prairies, where drought impacts were tangible in devastating
crops, forage and water supplies (Rannie, 2006; Scott and Sauchym, 2006).
4.4.2. Design of water storage systems using E(MT) based at various time scales
Drought analysis is trivial on an annual time scale as the annual streamﬂows tend to be random and
obey the normal pdf in Canadian rivers, therefore parameters E(LT) and E(MT) can be easily estimated
using the extreme number theorem (Eqs. (1) through (6)) applied on appropriate SHI sequences. The
same theorem with the Gamma  pdf of ﬂows can be applied to estimate the above parameters on
monthly time scale. In both situations, , cv,  and 1 can be used to provide reliable estimates of
E(LT) and E(MT) at the truncation level equivalent to the median ﬂow level over a period of T-year.
The drought analysis on weekly time scale becomes complex because of the involved underlying
dependence structure and thus the second order Markov chain models are considered for which there
is a paucity of close form equations for estimating the second order conditional probabilities, viz. qqq
and qqp. Therefore, the historical ﬂow records are used to estimate these parameters by the counting
method involving both the non-standardized ﬂow series and appropriate SHI sequences. Potentially,
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there are 3 values (based on the annual, monthly, and weekly time scales) of E(LT) for a T-year drought
and consequently 3 values of the expected deﬁcit-volumes, E(DT) that need to be considered for the
assessment of volumetric-storage [E(DT) = E(MT)]. A logical question that naturally arises as to which
one of them should be used for planning the drought mitigation measures.
To elucidate the point, the case of Torrent river, Canada (station NF02YC001) with the following
statistical properties is considered: mean ﬂow equal to 24.50 m3/s;  equal to 3.68 m3/s (annual),
12.50 m3/s (monthly averaged value), 17.15 m3/s (weekly averaged value); 1 equal to 0.0 (annual,
assumed as 0.0 in view of negligible dependence), 0.19 (monthly), and 0.73 (weekly). On annual,
monthly, and weekly time scales, the values of cv (Tables 1 and 2) are respectively 0.15, 0.51 and
1.12 for the computations of E(LT). The values of qq, qqq and qqp were estimated as 0.76 and 0.84 and
0.24 at the median level (i.e. q = 0.5 and SHI0 = −0.32). Using the above statistics, it can be estimated
that a 50-year drought is likely to continue for 5 years or 10 months or 33 weeks respectively when
analyzed based on annual, monthly, and weekly time scales (by plugging the values of parameters
in Equations (1) through (8)). The corresponding values of drought magnitudes can be computed as
0.58 (=3.68 × 5 × c1) billion m3, or 0.32 (=12.50 × 10 × c2) billion m3 or 0.24 (=17.15 × 0.69 × 33 × c3)
billion m3. Note c1 (=31.5 × 106), c2 (=2.95 × 106) and c3 (=0.605 × 106) are conversion constants to
covert the annual, monthly and weekly ﬂow rates into volumes. It may  be borne in mind that for
annual and monthly droughts drought intensity, E(I) equal to 1 and for weekly drought E(I) equal to
0.69 (Eq. (6), z0 = SHI0 = −0.32 and corresponding q for normal pdf is 0.37) for use in the relationship
E(MT) = E(I) × E(LT).
Based on the above statistics, one can infer that a 50-year protracted drought can last for 33 weeks,
which can occur in any year (within the period of 52 weeks) or can span in part from one year to the
following year (some weeks in the ﬁrst year and remaining weeks in the sequent year). Most likely,
the drier months would fall in the grip of this severe drought over 10 months (=40 weeks), which is
apparent from the drought analysis on monthly time scale. The most conservative value for designing
a water storage system is to make up the water shortfall that could be taken as the maximum of the
above noted 3 values for water storage, which is 0.58 billion m3. In other words, the analyses based on
3 time scales are complementary to each other in providing the information for planning the drought
mitigation measures. The drought analysis based on annual time scale being trivial is a rapid way  to
seek the information on the vulnerability of a region in terms of the protracted drought durations
and accompanying water shortages. It can be perceived to be a useful tool for regional mapping of
droughts. The drought analysis based at weekly time scale being data intensive and computationally
rigorous provides additional details on drought scenario in terms of its persistence time (i.e. drought
duration) and associated water shortages. Therefore, the drought analysis based at weekly time scale
is expected to be more useful for site speciﬁc drought studies directed to the design of reservoirs, irri-
gation planning, water rationing or short term drought management strategies. The drought analysis
based at monthly time scale is perhaps a reasonable compromise but would be more complementary
to the drought analysis based at annual time scale, where ﬁner details on the drought frequency,
duration and magnitude are sought for a particular region. The adequacy of drought analysis based at
monthly time scale has been exempliﬁed in the context of operation of hydropower dams in Manitoba
(Burn and DeWit, 1997; Burn et al., 2004), while using the synthetic hydrology approach. The drought
analysis based at monthly time scale is greatly relevant for water supply, agriculture, reservoir oper-
ations, and many other realms of interests and therefore the drought parameters mapped at monthly
time scale would prove to be of great value for water resources planning and management activities.
5. Conclusions
The following conclusions on the hydrologic drought characteristics can be drawn based on the
analyses using the annual, monthly and weekly streamﬂow time series across Canada.
1. The SHI sequences provide a powerful basis for predicting the drought duration E(LT) and magni-
tude E(MT). It should be noted that MT stands for standardized value of magnitude, which can be
converted into deﬁcit-volume, DT in volumetric units using the relation DT =  × MT.
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2. The extreme number theorem based probability relationships predict E(LT) satisfactorily on annual
time scale and to some extent on monthly time scale. The model E(MT) ≈ E(LT) provides a satisfac-
tory relationship for the annual and monthly hydrological droughts. The ﬁrst order Markov chain
model tended to perform almost parallel to the extreme number theorem in predicting the E(LT)
on monthly time scale.
3. At weekly time scale, the extreme number theorem breaks down. However, the second order
Markov chain model performed satisfactorily for predicting E(LT) at the constant SHI level of trun-
cation equivalent to the median ﬂow value for respective weeks (variable level of truncation in
ﬂow terms). The model E(MT) = E(I) × E(LT) was  found to be satisfactory for predicting drought mag-
nitudes, with suitably adjusted values of E(LT) based on the Markov chain-2 or Markov chain-1
models.
4. At weekly time scale, at the constant truncation levels Q90 and Q95 (variable level of trun-
cation in SHI terms), a ﬁrst order Markov chain model predicted E(LT) satisfactorily. The model
E(MT) =  ˛ × I × E(LT) was found applicable for the estimation of drought magnitude where E(LT) is
based on the independent model of drought lengths and  ˛ equals to the ratio of av to .
5. It was found that the model E(MT) = E(I) × E(LT), in which E(LT) should be estimated from the model
based on one order less than the model found appropriate for modeling drought lengths. That is,
if drought lengths are modeled by Markov chain-2 then for the prediction of drought magnitudes,
the lengths estimated based on Markov chain-1 should be used.
6. The study revealed that longer durations of hydrologic drought in Canada were associated with
higher values of coefﬁcient of variation and dependence parameter (lag-1 autocorrelation) in river
ﬂow series. In general terms, the droughts can span up to 5 years in a row over a period of 50 years
and 7 years in a row over a period of 100 years, when analyzed at annual time scale with a truncation
level equal to the median ﬂow. At monthly time scale, the corresponding drought durations were
found to be 17 and 25 months while at weekly time scale, the corresponding drought durations could
last up to 35 and 55 weeks. The deﬁcit-volumes being function of the standard deviation and the
drought magnitude were found to vary with the time scale of drought analysis of a given river. The
deﬁcit-volumes computations at monthly time scale appeared to provide a compromise between
excessive storage requirement at annual time scale and small storage requirement at weekly time
scale.
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